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Kinetic Model Solution for Microscale Gas Flows

Chan H. Chung*
Daegu University, Gyungbuk 712-714, Republic of Korea

A Kkinetic theory analysis is made of low-speed gas flows around microscale flat plates. The Boltzmann equation
simplified by a collision model is solved by means of a finite difference approximation together with the discrete
ordinate method. The advantage of the present method is that it does not suffer from statistical noise, which is
common in particle-based methods. Calculations are made for flows around a flat plate with zero thickness and
a 5% flat plate. Results for the 5% flat plate at a freestream Mach number 0.5 showed good agreement with
those from the direct simulation Monte Carlo method. It is shown that strong rarefaction effects exist around
the leading and trailing edges. Results from the present method at a freestream Mach number 0.087 also showed
similar nonequilibrium effects. Comparison of results with those from the information preservation method and
numerical solutions of the Navier-Stokes equations showed some differences in details near the leading and trailing

edges.

Nomenclature

collision frequency

characteristic length of the flowfield
Maxwell-Boltzmann distribution
distribution function

reduced distribution functions
Knudsen number

length of flat plate

normal distance from plate surface
gas constant

thickness of flat plate

free stream velocity

velocity of molecule in the x direction
velocity of molecule in the y direction
velocity of molecule in the z direction
mean free path
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I. Introduction

IMULATION of the flow of rarefied gases around microscale

structures such as microelectromechanical systems and micro
air vehicles is gaining importance due to the emerging miniaturiza-
tion technologies. Whereas the fast-growing microscale fabrication
technologies result in a wide variety of practical microscale devices,
very little numerical work has been performed to analyze the gas
flows in and around practical microscale structures.

In microscale structures, the Knudsen number of the flowfield,
the ratio of the mean free path to the characteristic dimension of the
flowfield, is usually not negligibly small even at atmospheric operat-
ing conditions. Hence, conventional computational fluid dynamics
methods, which are based on continuum assumptions, may not be
appropriate, and a method based on kinetic gas theory is required to
describe the flows accurately.

Of the various methods available for the analysis of microscale
flows, the direct simulation Monte Carlo (DSMC) method' has been
used by many researchers.?~8 The DSMC method has been known
to be a robust and accurate method because it is based on kinetic gas
theory and does not rely on the continuum assumption that is not
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valid for high Knudsen number gas flows. Even though the DSMC
method has been successfully applied for the analysis of various
kinds of rarefied gas flows, simulation of low-speed microscale flows
using the DSMC method suffers from several difficulties, including
large statistical scatter that has not been encountered in the high-
speed gas flow simulations. To get a meaningful result by reducing
the large statistical noise, the DSMC method requires a huge amount
of computational effort due the number of time steps to reach the
steady-state flow condition and the large sample size.’ These compu-
tational demands can render the standard DSMC method impractical
given current computing power limitations.

An alternate approach is the information preservation (IP) method
developed by Fan and Shen.® The IP method preserves macroscopic
information while the flowfield is simulated by the DSMC method.
The method has been applied to various kind of low-speed flow
problems.’~'3 Even though the IP method has been reported to re-
duce the sampling size by orders of magnitude, the method still
requires a large amount of computing effort.

In the present study, a finite difference method coupled with
the discrete-ordinate method'*'> is employed to analyze low-speed
gas flows around microscale flat plates. In the method, Boltzmann
equation simplified by a collision model [Bhatnagar—Gross—Krook
(BGK) equation]'® is solved by means of a finite difference ap-
proximation. The physical space is transformed by a general grid-
generation technique. The velocity space is transformed to a polar
coordinate, and the concept of the discrete ordinate method is em-
ployed to discretize the velocity space. The modified Gauss—Hermite
quadrature (see Refs. 17 and 18) and Simpson’s rule are used for
the integration of the discretized velocity space.

To assess the present method, calculations are made for flows
around a flat plate with zero thickness and a 5% flat plate. Results
are compared with those from the DSMC method, the IP method,
and numerical solution of the Navier—Stokes equations with slip
boundary conditions.

II.

Governing Equation
We consider the steady-state Boltzmann equation with the BGK
model'® in a two-dimensional Cartesian coordinate system:
af af
ox S ay

Finite Difference Method

(¢Y)

where f(x,y, V,, V,, V.) is the distribution function, x and y are
Cartesian coordinates of the physical space, and V., V,, and V.
are the velocity components of the molecules. The equilibrium
Maxwell-Boltzmann distribution F is given by

F = n(2nRT)"? exp[—(V — U)*/2RT] 2)
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The moments n, U, and T can be obtained by integrating the distri-
bution function over the velocity space:

= f fdv (3a)

nU :/Vde (3b)

3nRT = / V =U)*fdv (3e)

where 7 is the particle density and U the macroscopic flow velocity.
The following reduced distribution functions are introduced to
reduce the number of independent variables:

8,y Vi, Vy) = / Fy, Ve, Vy, Vydv. (4

+00
h(x,y,v,x,vy)=f VZF(x,y, Vi,

—00

V,,V.)dv.  (4b)

These kinds of reduced distribution functions were first applied
by Chu'® and have been employed by many investigators. The cor-
responding equations for the reduced distribution functions are ob-
tained by integrating out the V. dependence with the weighting
functions 1 and V2, respectively,

g g
Vi +Vy - =A(G —g) (52)
ax ~ady
ah ah
Vi—+V,— =A(H — h 5b
ign Y3y ( ) (5b)
+00
G(X, y, Vx, V}) = f F de (SC)
+00
H(x,y, V., Vy) :/ V2F dv, (5d)

When the characteristic length of a flowfield d and the most prob-
able speed V| defined as

Vo = /2RT, (©6)

are used, the following dimensionless variables are introduced:

X=x/d, y=y/d, n=n/ny, Vi=Vi/Vo
Uy=U/Vo, Ti=T/T, A -=A4.d/Vy
g:ng/no, h = h/ng, é:GVOZ/nO
H = H/ny, t=1/(1/2mnoU2) @)

where the subscript O refers to a reference condition.

By the introduction of a polar coordinate system, which is defined
as

V. =Vsing, V, =Vcosg, ¢ =tan"' (V,/V,) (8)
and application of general transform rules, the governing equations
in the new coordinate system (£, 1) are written as*

3g
—+C£_A(G &) (9a)

ah oh
B c

% + g =A.(H —h) (9b)

_ (Xgcosd — Y sing)V

= 7

(3, sing — X, cosp)V
Ji

9

C= (9d)

Here, J, is the Jacobian of the transformation.

Discrete Ordinate Method

To remove the velocity—space dependency from the reduced dis-
tribution functions, the discrete ordinate method'”-'® is employed.
This method, which consists of replacing the integration over ve-
locity space of the distribution functions by appropriate integration
formulas, requires the values of the distribution functions only at
certain discrete speeds and velocity angles. When discrete distribu-
tion functions s, (&, 1, Vs, ¢») and hs, (&, 1, Vs, ¢,) are employed
for the discrete speed Vs and velocity angle ¢,, the macroscopic
moments given by integrals over the molecular velocity space can
be substituted by the following quadratures:

= Z Z PsPs o (102)

Al = ZZPBP Vs sin ¢y 850 (10b)

AU, = ZZPSP Vs COS Py 850 (10¢)

M

where Ps and P, are weighting factors of the quadratures for the
discrete speed V; and velocity angle ¢, , respectively. Thus, instead
of solving the equations for a function of space and molecular veloc-
ity, the equations are transformed to partial differential equations,
which are continuous in space but are point functions in molecular
speed V; and velocity angle ¢, as follows:

o (hso + Vi) —A(U2 +07)  (10d)

agéa 8§50 ~ A A
Bs, Gy, = A Gy — 850 11
% o ST (Gso — 850) (11a)
B Ohsy +C Ohso = A (Hs, — hsy) (11b)
so T 87] So a%_ - c So So
B, — (X¢ cos ¢y — Je sing,) Vs (110)
Ji
Co = (3, sin ¢, —J)?n cos ¢y ) Vs (11d)
t

Collision Frequency

The simplest model for the collision integral is the BGK model,'
which has been widely used and generally gives reasonable results
with much less computational effort. In the BGK model, the collision
frequency is given by

=v(P/1 12)

where the quantity P is the pressure and v is a numerical parameter.
The coefficient of viscosity w is assumed to have a temperature
dependency?!

/o = (T /To)® 13)

where the quantity w is the viscosity index. The equilibrium mean
free path for the variable hard sphere (VHS) model?? is employed:
16 Fruo

o= ———kHO 14
75 mno~/27 RT, 14

where the quantity F} is given by

_ (5-20)(7 —2w)
Fi=——70"— (15)
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Combining Egs. (12-15), we obtain
i SyRat e
T 5JmKng

where K n is the Knudsen number at the reference condition based
on the characteristic length of the flowfield d.

16)

Boundary Conditions

The following boundary conditions are used for the calculation.
At inflow and outflow boundaries, the distribution functions are
given by an equilibrium distribution with conditions obtained by
using characteristic boundary conditions:

£y = n,(2URT,) "3 exp[—(V — Uy)* /2RT) ] 17)

where the subscript b refers to conditions at the boundaries.

To specify the interaction of the molecules with the surface, dif-
fuse reflection is assumed, that is, molecules that strikes the surface
are subsequently emitted with a Maxwell distribution characterized
by the velocity of the surface U,, and the surface temperature 7,:

fu =1, QuRT,) "% exp[—(V — U,)* /2RT, ]
for  (V-ii)<0 (18)

where the subscript w refers to conditions at the surface and 7 is the
inward normal vector to the surface. The wall number flux 72, is not
known a priori and may be determined by applying the condition of
no net flux normal to the surface:

f (V-ﬁ)de:—/ Vi) f,dV  (19)
V-n)>0 (V-ii)<0

Numerical Procedure

Equations (11a) and (11b) are solved by means of finite difference
approximations in physical space using simple explicit and implicit
schemes depending on the characteristics of physical and velocity
space. Details of the method can be found elsewhere.?’ The result-
ing system of nonlinear algebraic equations is solved by means of
successive approximations. In the iterative procedure, only the val-
ues of A, Gs,, and Hs, have to be determined from moments of
the preceding iteration, and the values of distribution functions do
not need to be stored. Convergence is assumed to have occurred
when the relative differences in the x velocities of two successive
iteration steps are less than 10~ for all spatial grid points. As a
proper quadrature formula for the discrete speed V;, the modified
Gauss—Hermite half range quadrature for integrals of the form (see
Refs. 15 and 20) is used:

00 N
/ Viexp(-VHQ(V)dV = P0(V;) (20)
0

§=1

The exponent j and the order of the quadrature N in Eq. (20) are
chosento be 1 and 16, respectively. Simpson’s three-eighth rule with
A¢ =m/30 is used for the discrete velocity angle. The numerical
parameter i was chosen to be 0.9, which gives best fit to the DSMC
results considered in the present study. In case of the hard sphere
molecules, the BGK model parameter ¢ usually was assumed to be
between % and 1 from the well-known behavior of the BGK model,?
which needs further investigation.

III. Results and Discussion

Flow Around a Flat Plate with Zero Thickness

Consider the steady flow of air around a flat plate with zero
thickness and a length L =20 pum. The freestream velocity and
temperature are 69 m/s and 295 K, respectively. The freestream
Mach number is 0.2. The computational domain is a rectangular re-
gion enclosed by the lines x /L = 20, y/L =0, and y/L =20. The
computational domain is divided into 601(x) x 201(y) nonuniform
rectangular grids that are clustered to the plate. Figure 1 shows the
computational domain for the simulation. The coefficient of viscos-
ity of air at the reference temperature of 295 K was chosen to be

20 -

T
-10 0 10 20
x/L

Fig. 1 Computational domain and grid.
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Fig. 2 Comparison of surface pressure distributions at free-molecular
flow.

i =17.64 x 107% kg/m - 5, and the viscosity index w was chosen to
be 0.7.

For the case of free-molecular flow, there are no collisions be-
tween molecules, and molecules are moving without collision until
reaching the surface of a body. Thus, at any point in the physical
space, the velocity space can be divided into two regions, one for
molecules coming from the freestream and the other for molecules
emitted from the surface. Because exact values of the distribution
function can be obtained for each region, theoretical values of mo-
ments for free-molecular flow conditions maybe obtained by inte-
grating the distribution function. The free-molecular solution may
serve as a good standard for checking the accuracy of a finite dif-
ference approximation. In case of the flow around a flat plate with
zero thickness, macroscopic moments along the plate surface may
be calculated by the following equations:

ny = exp (~U2,,) = VaAUso[1 — erf(Us,)] @
n=1in, + i1 —erf(Us,)] =
}’lUu),x = %Uoo).[l - erf(Uw,y)] (23)

3 3 1 1
3nT = 3n, + 11 —erf(Uoo )] + 11 — etf(Unc, )]

x (14202 )+ U2 (1 — erf(Uae )] + (Usory [24/7)

X exp(—U;_y) - nUi’x (24)
tu = (F2Weee[VRUL) =7 exp(-U%,)
+ (V7 [2)Usoy[1 —erf(Uso, )1} (25)

Figures 2 and 3 show surface pressure and shear stress, respec-
tively, at x = L /2 at the free-molecular condition. In Figs. 2 and 3,
the results of the present method at Knudsen numbers of Kn =10
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Fig. 3 Comparison of shear stress distributions at free-molecular flow.
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Fig. 4 Drag coefficient of flat plate with zero thickness at low Reynolds
numbers.

and K n =100 are compared with the theoretical values at the free-
molecular flow condition. The Knudsen number is based on the
freestream mean free path and the length of the plate, Kn = A /L.
Good agreement is obtained between the calculated results and the-
oretical values at the free-molecular flow condition.

Figure 4 shows the comparison of the drag coefficient of the plate
for both sides at low Reynolds numbers from the DSMC method,'!*1?
IP method,'" and the numerical solutions of the Navier-Stokes
(N-S) equations with slip boundary conditions'' together with ex-
perimental data.?*> The DSMC and the IP results from Ref. 11 are
for a flat plate with a finite length of L =20 um and those from
Ref. 12 are for a plate with a length of L =30 um, both at the same
freestream Mach number 0.2 and temperature 295 K. Note that the
scaling law for the normalized drag coefficient of a flat plate at low
Reynolds numbers can be expressed by one parameter consisting
of only the Reynolds number and the Mach number.'?2¢?” Hence,
the drag coefficients for two cases should be similar if both the
Reynolds and the Mach numbers are same. Although not shown
here, the present method was used to calculate the flowfield around
a plate with a length of L =30 wum, and identical results were
obtained.

Good agreement is observed among several different methods
with experimental data for Reynolds numbers greater than 5. How-
ever, the difference between the present and IP methods becomes
larger as the Reynolds number decreases. The drag coefficient from
the present method is smaller than that from the IP method for the
Reynolds numbers smaller than 2 and shows good agreement with
the DSMC result from Ref. 12. The drag coefficient from the IP
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1.5
r }0051'000 0,995
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= __/1.010
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0 »

-1.5 -1 -0.5 0 0.5 1 1.5
x/L

Fig. 5a Pressure contours for Re=1 and M =0.2.
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Fig. 5b Pressure contours for Re =10 and M =0.2.
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Fig. 5S¢ Pressure contours for Re =100 and M =0.2.

method shows good agreement with the DSMC result from Ref. 11.
The drag coefficient from the present method smoothly approaches
the free-molecular value around Re = 0.02(K n = 13), whereas that
from the IP method approaches the free-molecular value around
Re=02(Kn=1.3).

Figure 5 shows the effect of Reynolds number on the pressure
contours. It can be seen that as Reynolds number decreases, that
is, as the flow becomes more rarefied, the disturbance of the flow
caused by the solid object becomes larger. This is because as the flow
becomes more rarefied the molecules that collided with the surface
can travel more distance without experiencing collision between
molecules.

Flow Around a 5% Flat Plate

Consider the steady flow of air around a 5% (thickness-to-length
ratio) flat plate with an angle of attack of 10 deg. The length and the
thickness of the plate are L =20 pum and 7 = 1 pum, respectively. To
investigate the overall characteristics of the flowfield and to com-
pare results from the present method with those from the DSMC
method, a relatively high-speed flow of M =0.5 has been chosen.
The freestream temperature is 295 K and the Reynolds number
is 23. The computational domain is a rectangular region enclosed
by the lines x/L ==+20 and y/L ==+20. The computational do-
main is divided into 2 x 421(x) x 141(y) (upper and lower sides)
+2 x 141(x) x 21(y) (left- and right-hand sides) nonuniform rect-
angular grids that are clustered to the plate.

Because of limitations in computational resources, the compu-
tational domain for the DSMC calculation has been chosen to
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Fig. 6a Pressure contours from present method at M = 0.5 and Re = 23.
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Fig. 6b Pressure contours from DSMC method at M =0.5 and Re =23.

be a rectangular region enclosed by the lines x/L ==41.7 and
y/L ==%1.025. The macroscopic flow variables obtained by the
present method have been used as boundary conditions for the
DSMC calculation. About 32,000 nonuniform rectangular cells that
are clustered to the plate is employed with about 1,250,000 particles
and 13,000 sampling time steps (average sampling size of 0.5 mil-
lion per cell) after 10,000 time steps of development. The DSMC
code used in the present study is based on the same principles as
described by Bird! together with the VHS model?? as a molecular
model and the no time counter (NTC) method?® as a collision sam-
pling technique. The code has been applied to various low-density
flows of gas mixtures in arbitrary shaped flow domains.?*-** Details
of the code may be found in Ref. 29. Calculated pressure contours
are compared in Fig. 6. It can be seen that the results from the present
and the DSMC methods show good agreement. Figure 7 shows skin
friction on the upper and lower surfaces given by

Cs=1,/0.5p0Uss (26)

The shear stress 1, is calculated by sampling (DSMC method)
or integrating (present method) the parallel momentum transfer rate
from the gas molecules to the surface. It can be seen that the mag-
nitude of skin friction increases near the leading and trailing edges.

Figure 8 shows pressure coefficients on and near the upper sur-
face, which is given by

P — Py

Cp=—2
P 0.5p00Une

@7

On the surface, the pressure is calculated by sampling (DSMC
method) or integrating (present method) the normal momentum
transfer rate from the gas molecules to the surface. Near the sur-
face, the pressure is calculated by using the ideal gas law. In Fig. 8,
the quantity ¢ is the thickness of the plate and / is the normal distance
from the surface. It is interesting to see that the pressure coefficients
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Fig. 8 Pressure coefficients on and near the upper surface at M =0.5
and Re =23.

on and near the surface show opposite behavior. The pressure coef-
ficient along the line of //t =0.16 (that is, 0.16 um away from the
surface) shows maximum at the leading edge, decreases abruptly,
shows local minimum, and increases. Around the trailing edge, the
pressure coefficient along the line of //# = 0.16 decreases abruptly.
However, the pressure coefficient on the surface shows a minimum
at the leading edge, increases rapidly near the leading edge, and
increases slowly toward the trailing edge.

Figure 9 shows pressure coefficients on and near the lower surface.
The pressure coefficient along the line of //f = —0.16 decreases
continuously from the leading edge to the trailing edge. However,
the pressure coefficient on the surface slightly increases near the
trailing edge. Comparison of results from the present method with
those from the DSMC methods around the leading and trailing edges
shows that the present method can accurately predict the strong
rarefaction effects in these strong nonequilibrium regions.

The next problem considered is a low-speed flow around a 5%
flat pate. The freestream Mach number is 0.087 and the Reynolds
number is 4. Calculated pressure contours are compared in Fig. 10
with those from the IP method'! and the continuum approach.'! It
can be seen that the results from the three different methods show
relatively good agreement except for the small differences in the
magnitude and shape of the contours. For example, the contours
from the present and the continuum methods have circular shapes,
whereas those from the IP method are closer to ellipses.

Figure 11 shows a comparison of skin friction on the upper and
lower surfaces from the three different methods. It can be seen that
calculated skin frictions from the present and the IP methods show
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Fig. 10b Pressure contours at M =0.087 and Re=4, IP method
(Ref. 11).

good agreement except for some differences near the leading and
trailing edges. The magnitude of skin friction from the continuum
approach!! is smaller than that from the molecular approaches.
The calculated pressure coefficients on and near the upper surface
are compared in Fig. 12 with those from the IP method'! and the
continuum approach.!! The calculated pressure coefficients from
the three different methods show good agreement except for some
differences near the leading and trailing edges, where strong rar-
efaction effects exist. To investigate the differences in the pressure
coefficients near the leading and trailing edges, the pressure co-
efficients on and at a short distance away from the upper surface
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Fig. 12 Pressure coefficients on and near upper surface at Re =4.

are compared. The pressure coefficients from the present method
show similar behavior observed in the earlier case of M = 0.5. That
is, the pressure coefficient near the surface shows maximum at the
leading edge, decreases abruptly, shows local minimum, and in-
creases. Around the trailing edge, the pressure coefficient decreases
abruptly. The pressure coefficient on the surface shows a minimum
at the leading edge, increases rapidly near the leading edge, and
increases slowly toward the trailing edge. In the IP method, the
information of the particles is set as the wall condition if it is a
diffuse reflection and equations based on free-molecular theory are
employed for the calculation of surface quantities.!! It can be seen
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Fig. 13 Pressure coefficients on and near lower surface at Re =4.
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Fig. 14 Characteristics of 5% flat plate at Re =4.

that the surface pressure coefficient from the IP method shows sim-
ilar behavior to those along the lines of //# =0.08 and 0.16 from
the present method, which may show that the models used in the IP
method can not capture all necessary physics in the strong nonequi-
librium regions. It is interesting that the pressure coefficient from
the continuum method!! shows behavior similar to those from the
present method, although the magnitude is slightly larger.

The calculated pressure coefficients on and near the lower surface
are compared in Fig. 13 with those from the IP method'! and the
continuum approach.!' Again, the calculated pressure coefficients
from the three different methods show good agreement except for
some differences near the leading and trailing edges, where strong
rarefaction effects exist. The surface pressure coefficient from the
present method show similar behavior that observed in the case of
M =0.5. The surface pressures from the IP method are closer to
those along the lines of //t =—0.08 and —0.16 from the present
method.

The aerodynamic characteristics of the 5% plate are shown in
Fig. 14. It can be seen that the lift from the present and IP meth-
ods show good agreement and the drag from the present method is
slightly smaller than that from the IP method.!! The drag and the lift
from the continuum approach are much smaller than those from the
present and IP methods. The ratio of lift to drag from three methods
is shown in Fig. 15. For comparison, the theoretical ratio of lift to
drag for free-molecular flow and that from the present method at
Re =0.015 are shown together. It can be seen that the ratio of lift
to drag from the three methods show relatively good agreement.
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IV. Conclusions

A finite difference method coupled with the discrete-ordinate
method is employed to analyze low-speed gas flows around mi-
croscale flat plates. Calculations are made for flows around a flat
plate with zero thickness and a 5% flat plate. Results are compared
with those from the DSMC method, the IP method, and numerical
solutions of the N-S equations with slip boundary conditions. The
calculated results show good agreement, except for some differences
in details near the leading and trailing edges. The calculated pres-
sure on and at a short distance away from the surface showed quite
different behavior, especially in the region close to the leading edge
where rarefaction effects play an important role. The behavior of
the surface pressure from the IP method was closer to that of the
present method at a short distance away from the surface rather than
that on the surface, which may show that the models used in the IP
method can not capture all necessary physics in the strong nonequi-
librium regions. The advantage of the present method is that it does
not suffer from statistical noise that is common in particle-based
methods. All of the calculations in the present work are performed
in a desktop computer with a Pentium IV 3.2-GHz processor. CPU
time required for the present calculations varies from about 15 min
(plate with zero thickness at Re =0.002) to about 190 h (5% plate
at Re =4 and angle of attack 45 deg) depending on the degree of
rarefaction and the flow speed.
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